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Changes in velocity profiles in a two dimensional
carotid artery geometry in response to changes in
velocity waveforms and a simulated stenosis
growth: A lattice Boltzmann Simulation
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AbstractIt is known that low near wall velocity and shear stress
are correlated to the pathogenesis and progression of atherosclerosis
in the human arterial system. Obtaining accurate in vivo measure-
ments of these variables is non-trivial, thus numerical modelling is
often a powerful tool in the investigation of human arterial blood flow
and cardiovascular diseases such as atherosclerosis. In this paper the
Lattice Boltzmann Method is used to simulate blood flow in a human
carotid artery geometry for three different pulsatile waveforms. A
simulated stenosis growth is implemented and variations in velocity
profiles across three regions of the artery are examined. Many of the
flow features relating to the incidence of atherosclerosis described in
the literature are observed. Significant changes in the velocity across
the artery are seen in response to the simulated stenosis growth.
KeywordsLattice Boltzmann Method, carotid artery, blood flow,
atherosclerosis.
I. INTRODUCTION
CARDIOVASCULAR disease is a leading cause of mor-bidity in the industrialised world [1], [2], particularly
atherosclerotic disease. Current studies have presented a body
of evidence which suggests a correlation between atheroscle-
rosis, regions of low blood flow velocity, circulating flow, and
low and oscillatory shear stress near the walls of arteries [3]–
[7]. However, accurate measurements of quantities of interest
are often difficult to obtain in vivo, thus numerical simulation
becomes a valuable investigative tool.
The Lattice Boltzmann Method (LBM) [8]–[10] has been
developed as an alternative method for modelling fluid flows.
It uses a simplified kinetic equation to simulate fluid flows and
has been successfully applied to the modelling of blood flow
[11]–[19]. In this paper a simulated stenosis growth will be
implemented in a two-dimensional carotid artery geometry and
the change in the flow properties will be examined using the
LBM. This will be done for three different pulse waveforms
representing both resting and exercising heart beats.
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II. HEMODYNAMICAL INFLUENCES AFFECTING THE
PROGRESSION OF ATHEROSCLEROSIS
The progression of atherosclerosis is not independent of
the flow properties of the blood surrounding it. It is a ge-
ometrically focal disease [3] that occurs most frequently in
the outer edges of an arterial bifurcation [3]. These regions
are typically areas of disturbed flow patterns [3], [20], low
velocity and low shear rates [5], [21], [22]. It is not clear why
these flow factors influence the progression of atherosclerosis,
but it has been postulated [4], [21], [22] that the disturbed
flow zones and low shear stress lead to an increased residency
time for particles near the artery wall that can promote or
increase plaque progression. This is useful in predicting areas
that are susceptible to atherosclerosis. For example, in the
carotid artery, the asymmetrical bifurcation leads to areas of
disturbed flow and low shear stress at the outer walls of the
bifurcation [5], [22], this is where atherosclerosis of the carotid
artery most frequently occurs [5].
It is also important to note that plaque growth does not
happen suddenly but progresses smoothly in time [4], this
usually results in smooth plaque formations. There is evidence
to suggest that the shapes of these plaques play an important
role in determining whether the plaque will rupture under the
stress produced by the changed flow conditions [23], [24]. It
has been suggested that irregularly shaped plaques are more
likely to rupture and lead to acute coronary syndromes such
as ischaemia [24], where ruptured plaque components block
smaller arteries and reduce flow to important organs such as
the heart or the brain. Such an occurrence can cause serious
lasting injury or even death.
Being aware of these factors and how they influence
plaque growth is important in the detection and treatment
of atherosclerosis. In this paper, numerical modelling of the
human carotid bifurcation is considered in order to provide a
greater understanding of the processes involved. This may lead
to new ways of detecting and treating atherosclerosis devised.
III. THE LATTICE BOLTZMANN METHOD
The LBM [9] has recently been developed as an alternative
method for simulating a range of fluid flows. In the LBM
particle distribution functions,
 	

at point

at time
	
,
INTERNATIONAL JOURNAL of MATHEMATICS AND COMPUTERS IN SIMULATION
Issue 2, Volume 1, 2007                                                                 160
are confined to move synchronously on a regular lattice. The
distribution functions interact on the lattice such that mass
and momentum are conserved while ensuring that the fluid is
Galilean invariant and isotropic. Here  labels the lattice link
the distribution function is on. The lattice used in this paper
is the D2Q9, shown in fig. 1. The evolution of the distribution
functions on the lattice is governed by the discreet Boltzmann
equation [9], [25]
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Fig. 1. D2Q9 lattice.
and

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is the collision operator. The fluid density O and the
velocity P can be calculated directly from the distribution
functions at each node by
O
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respectively. The collision operator


is given by the
Bhatnagar-Gross-Krook approximation as [26],
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where U is the relaxation time and
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is the equilibrium
value of the distribution function [9], [25]. The form of the
equilibrium distribution function in two dimensions is given
by [25]
 VSW

	
XYZ
O
0[\EG] 
P
A^
B
G 
P


2
4
E
B
P
2
7-
(5)
where
YT_`
Ia

YZb c
a

for 
%d$BD$E'F
and
YZb c
e$f

for 
LKD$M'CND#g
(6)
The relaxation time U is related to the viscosity h by
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The LBM reproduces the Navier-Stokes equation in the
nearly incompressible limit and is second-order accurate in
the body of the fluid [9]. A sub-grid accurate extrapolation
boundary scheme [27] was used to implement the artery
geometry in the model. This boundary scheme retains the
second order nature of the LBM and is well suited to modelling
complicated boundary geometries such as those found in the
human carotid artery [14].
At the entry of the artery, a predetermined velocity profile
was implemented. This boundary condition was implemented
by setting the distribution functions at the entry equal to
their equilibrium values, calculated from equation (5), for the
desired density and velocity. The profile was applied uniformly
across the width of the driving region at the base of the
artery geometry, see fig. 2 a) except for a boundary layer
region of approximately 1 mm over which the velocity was
linearly reduced to zero. The driving region of the flow was
a significant distance away from the measurement zone of the
flow profiles, see fig. 2 b), it was found that small variations
in the driving parameters, such as the width of the boundary
layer, did not make a significant difference to the presented
results.
The unknown distribution functions at an exit site

were
found from a linear extrapolations, based on [28]
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IV. METHOD
Fig. 2 a) shows the geometry that was used for this simu-
lation. In this figure the internal carotid artery (ICA), external
carotid artery (ECA) and the common carotid artery (CCA)
are labelled. Thirty incrementally larger stenosis growths were
implemented, with every fifth increment indicated in fig. 2 b).
The stenosis was placed in a region that is known to exhibit
low velocity flow and be susceptible to atherosclerosis, [14],
the growing stenosis was chosen to vary smoothly between
increments. The final stenosis corresponds to a blockage of
about
BdKdj
of the upper CCA and
E(Nj
of the lower ICA.
Three pulsatile waveforms were implemented in the simu-
lation, see fig. 3. Waveform A was adapted from Holdsworth
et al (1999) [29] and represents the blood flow velocity in
a resting carotid artery. Waveform B is a rescaled version of
waveform A that represents the blood flow velocity during
exercise. Waveform C represents a more generalised pulsatile
waveform that has been used in previous work by the authors
[30]. It was found that two pulse periods were sufficient for
any transient effects in the flow to reduce to acceptable levels.
INTERNATIONAL JOURNAL of MATHEMATICS AND COMPUTERS IN SIMULATION
Issue 2, Volume 1, 2007                                                                 161
3a) b) x(m)
y(m
)
0.03 0.035 0.04 0.045
0.04
0.045
0.05
0.055
3
2
1
Fig. 2. a) Carotid artery geometry, b) Region of interest with incremental stenosis growths indicated. The lines 1, 2 and 3 indicate the lines where the
velocity profiles were taken.
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Fig. 3. Velocity waveforms A, B and C implemented at the base of the
carotid artery geometry
A grid resolution of 12.5 grid-points per millimeter was used,
and each pulse period for waveform A corresponded to around
4 million simulation time steps.
In order to examine the changes in the flow field due to
the implemented stenosis growth, velocity profiles (VPs)
were taken across the lines 1 - 3 indicated in figure 2 b).
These profiles were taken at the time of peak velocity in the
unstenosed geometry, which was at
	ﬂg;EMlk
for waveform
A,
	ﬃﬂg ﬂdMMmk
for waveform B and
	ﬂ'gJ"M(Knk
for waveform
C. Figure 4 shows these VPs for stenosis increments
ﬂ
,
"ﬂ
,
Boﬂ
,
BK
and
Edﬂ
. The VPs across lines 1 and 2 shown in figures
4 a) - b), d) - e) and g) - h) show the VPs in the internal
carotid artery (ICA) only, as very little flow change occurred
in the external carotid artery (ECA) during the simulation.
V. RESULTS AND DISCUSSION
A. Velocity Profiles
In general it can be seen that along lines 1 and 3, there is
very little difference between the VPs for stenosis increments 0
and 10 for all waveforms. Along line 2, the difference between
VPs for increments 0 and 10 is more noticeable, but is still the
smallest difference between all stenosis increments. It is noted
that the boundary of stenosis increment 10 occurs just before
an interface between higher velocity flow in the central region
of the CCA and a region of lower velocity flow near the right
hand wall [14]. The largest changes in the velocity flow field
(VFF) occur just after the stenosis boundary grows into the
higher velocity central flow. Lines 1 and 3 represent flows in
the upper and lower regions of the carotid artery, whereas the
last portion of line 2 resides inside a region of low velocity
flow near the site of the stenosis growth. Thus it can be seen
the simulated stenosis growth only has a local impact on the
VFF whilst its boundaries are still in this initial region of low
velocity flow close to the wall.
Along each of the lines 1 - 3 the maximum velocity reached
increases from waveform A - C. Along lines 1 and 2 the
maximum velocity reached increases with each incremental
stenosis growth with a final maximum being obtained when
increment 30 was implemented. Across line 3, although the
maximum velocity attained increases from waveform A -
C, this maximum is not attained with the largest stenosis
incremented. It is observed from figures 4 g) - i) that across
line 3 the maximum velocity attained is in the unstenosed
artery. A significant change in the position of the maximum
velocity was also observed along line 3. The maximum ve-
locity moved away from the stenosed wall as the size of the
stenosis increased.
The overall shape of the VPs across lines 1 and 2 remain
similar between waveforms. The VPs across line 1 for wave-
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forms A and B retain the same general shape, although for
waveform B the velocity is higher and the region of high
velocity flow extends across a greater portion of the ECA.
There is also much less relative difference between the VPs
for the first four stenosis increments, with the largest velocity
difference occurring between increments 25 and 30.
The VP across line 1 for waveform C retains the same
shape for the VPs for most stenosis increments. However
for increment 30, a large negative flow, reaching a maximum
magnitude of 0.12 m s p
c
, occurs near the right hand wall,
which does not happen for waveforms A and B. This could
be an artifact of the qualitatively different shape of waveform
C compared to those of A and B. But if this negative velocity
is a result of the higher peak velocity of the waveform, this
would indicate that after a critical velocity is reached, a region
of circulating flow may occur immediately after the stenosis, a
development which may lead to interesting shear stress effects
on the wall of the stenosis in that area.
The VP shapes across line 2 also share similarities between
waveforms. In all cases, the stenosis encroaches upon line 2
which leads to a narrowing of the VPs. This narrowing leads
to a higher overall velocity in this region of the artery. The
differences in the VPs across line 2 also show the greatest
variation over the incremental stenosis growths.
The VPs across line 2 consistently exhibit areas of negative
flow near the right wall of the artery. For waveforms A and B
this negative velocity increases between increments 0 and 10
and decreases thereafter, whereas for waveform C it steadily
decreases between increments 0 - 25 and increases slightly for
increment 30.
The portion of 2 which exhibits negative velocity flow is in
a large region of overall low velocity flow [14]. Between incre-
ments 20 - 30 the extent of this region decreases significantly,
thus reducing the negative flow. However, a large region of
low velocity flow, and presumably regions of negative flow,
still persist immediately upstream of the growing stenosis.
Across line 3 the VP shapes are also similar for all
waveforms. The VPs highest point on the VP shape moves
leftwards towards the central region of the artery in response
to stenosis growth. This indicate an increase in flow towards
the bifurcation and also perhaps into the ECA. The near wall
shear stress around the bifurcation increases in response to
stenosis growth [14], probably as a result of this change in the
VP shape. Although the peak velocity along line 3 reduces in
response to stenosis growth, this reduction is only small, with
a maximum decrease of 0.01 m s
p
c
for waveform C. This
decrease is due to the position of the stenoses on the right
hand wall of the CCA.
B. Rotational Flow
Atherosclerosis occurs in regions of disturbed flow [3], [20],
including areas where flow circulation is present. Such flow
may occur in regions where there is a large velocity gradient in
a small area. From figure 4 it is observed that areas satisfying
these condition exist on the outer wall of the ICA. These areas
are characterized by an area of low velocity near the edge of
the artery surrounded by the higher velocity central flow. These
regions are slowly rotating, as indicated by the relatively small
velocities in these regions. This suggests that if a particle in
the blood was trapped in the region, it would probably stay
in that region for some time. The lowest velocity flow also
occurs nearest the walls of the artery. This lends insight into
the prevalence of atherosclerosis on the outer walls near the
bifurcation of the carotid artery [5].
An important question to ask at this point is whether these
regions of flow circulation are preserved during progressive
plaque buildup. The results in figure 4 suggest that this region
does persist, due to the observed negative flow velocities
across line 2 near the stenosis for all waveforms. Previously
published results [14] also suggest this for waveform A.
Figures 5 a) - f) show vector maps of the VFF for the
stenosis growth in the region near the outer wall of the ICA
with waveform A implemented for stenosis increments of
K
,
"ﬂ
,
K
,
Bﬂ
,
BK
and
Edﬂ
respectively. The vectors are of uniform
length, the fluid direction is indicated by the arrows and the
magnitude by the colour map. We note that in the simulation
the artery wall is smooth. The step like wall in figure 5 is an
artifact of the plotting routine. It can be seen from figures 5
a) - f) that the area of circulation persists during the stenosis
growth. The disturbed area of flow remains upstream of the
growing stenosis, and stays close to the wall. This corresponds
to the behaviour seen in figures 4 d) - f) and in previous
literature results [14].
The overall velocity distributions within the rotational flow
also remain similar during the stenosis growth. The velocities
near the wall increase during the stenosis growth, but still
remain low in comparison with the central fluid flow. This
would suggest that the stenosis growth preserves a region of
low velocity, rotational flow. Such regions would have higher
particle residency times for particles which get caught in them.
We recall from figures 4 d) - f) that waveforms A - C, cor-
respond to increasingly higher peak waveform velocities. The
areas of negative velocity in figures 5 a) - f) increase in mag-
nitude with increasing waveform peak velocity. This would
suggest that while circulation is present for each waveform,
the rate of rotation increases, so that particle residency time
would probably be reduced in the higher velocity waveforms
that correspond to exercising heartbeats.
VI. CONCLUSION
A number of interesting effects were observed. Areas of
low velocity and circulating flow were found in regions of the
unstenosed artery which are typically susceptible to atheroscle-
rosis. This was observed for all waveforms. In particular for
waveform A it was observed that these areas of low velocity
rotational flow were preserved during the simulated stenosis
growth and remained adjacent to the stenosis growth.
Regions of rapid velocity change corresponding to regions
of high shear were also observed near the stenosis wall. The
change in velocity was greater for waveform C, indicating that
the narrowing of the artery created higher shears near the wall
of the stenosis. The may have implications for the process by
which stenosis rupture.
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Fig. 5. Movement of rotational flow at qsrutvxwy)z in response to stenosis growth on the outer wall of the ICA for waveform A for stenosis increments of
a) { , b) wt , c) w{ , d) |)t , e) |){ and f) y)t .
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Many of the arterial flow properties that are associated with
atherosclerotic progression have been observed, indicating the
suitability of the LBM for this application.
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